About Zitterbewegung And Electron Structure by Rodrigues Jr. W.A. et al.
Physics Letters B 318 ( 1993 ) 623-628  
North-Holland 
PHYSICS LETTERS B 
About  zitterbewegung and electron structure * 
Waldyr A. Rodrigues Jr, Jayme Vaz Jr.  
Departamento de Matemdtica Aplicada, Universidade Estadual de Campinas, 13081-970 Campinas, S.P., Brazil 
Erasmo Recami i and Giovanni Salesi 
INFN - Sezione di Catania, 57 Corsitalia, 95129-Catania, Italy 
Received 22 June 1993 
Editor:. R. Gatto 
We start from the spinning electron model by Barut and Zanghi, which has been recently translated into the Clifford 
algebra language. We "complete" such a translation, first of all, by expressing in the Clifford formalism a particular 
Barut-Zanghi (BZ) solution, which refers (at the classical limit) to an "internal" helical motion with a time-like 
speed (and is here shown to originate from the superposition f positive and negative frequency solutions of the Dirac 
equation). Then, we show how to construct solutions of the Dirac equation describing helical motions with light-like 
speed, which meet very well the standard interpretation f the velocity operator in the Dirac equation theory (and 
agree with the solution proposed by Hestenes, on the basis - however - of ad-hoc assumptions that are unnecessary in 
the present approach). The above results appear to support he conjecture that the zitterbewegung motion (a helical 
motion, at the classical limit) is responsible for the electron spin. 
1. In t roduct ion  
The mysterious zitterbewegung motion, associ- 
ated since long with the electron structure, seems 
to be responsible for the electron spin. Indeed, 
Schr6dinger [1 ] proposed the electron spin to be a 
consequence of a local circulatory motion, constitut- 
ing the zitterbewegung (zbw) and resulting from the 
interference between positive and negative nergy so- 
lutions of the Dirac equation. Such an issue turned 
out to be of renewed interest, following recent work, 
e.g., by Barut et al. [2-4],  Hestenes [5,6], and Pavgi~ 
et al. [7]. Let us recall that the pair of conjugate vari- 
ables (x ~, Pu ) is not enough to characterize the spin- 
ning particle. In fact, after introducing the additional 
classical spinor variables (z, iT) (where z is a Dirac 
spinor; and ~ - z 'y° ) ,  Barut and Zanghi [2] associ- 
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ated the electron spin and zbw - at the classical limit 
- with a canonical system [a point Q moving along a 
cylindrical helix] which after quantization describes 
the Dirac electron [4]. In ref. [7], Pav~i~ et al. pre- 
sented a thoughtful study of the above results in terms 
of the Clifford algebra formalism; however, they [7] 
left many questions till open, and the aim of this note 
is addressing a few of them. 
First of all, let us recall that Hestenes' analysis [5] 
was based on his reformulation [ 5,6,8,9 ] of Dirac the- 
ory in terms of the so-called "Clifford space-t ime alge- 
bra (STA)" •1,3. For details about he Dirac-Hestenes 
(DH) spinors and the Clifford bundle formalism 
(used also below), see e.g. refs. [ 10-14]. In Hestenes' 
papers [5,6] on his "zbw interpretation of quantum 
mechanics", an ad-hoc assumption appeared, when he 
identified the electron velocity with the light-like vec- 
tor u = e0 - e2, with ei = ~/7i~, (i = 0,2), where 
~/is a (plane-wave) DH spinor field [5,6,10-12] sat- 
isfying the Dirac-Hestenes equation (i.e., the equa- 
tion representing the ordinary Dirac equation in the 
Clifford formalism). Then, he represented the elec- 
tron internal structure by a light-like helical motion 
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of a sub-microscopic " onstituent" Q, such that (for 
a suitable choice of the helix parameters) the helix di- 
ameter equals the electron Compton wavelength and 
the angular momentum of the zbw yields the correct 
electron spin. At last, he directly associated the com- 
plex phase factor of the electron wave-function with 
the zbw motion. 
We are going to show, among other things, that 
Hestenes' ad-hoc assumption, amely that u = e0-e2, 
is not necessary. More in general, below we shall show: 
(i) how to construct in the center-of-mass (CM) frame 
a particular solution of the DH equation which cor- 
responds (at the classical imit) to a helical motion 
with a time-like velocity. It will result to be super- 
positions ~l of positive and negative nergy solutions 
of the DH equation; that is to say (as thoroughly ex- 
plained in ref. [15], only on the basis of relativistic 
classical physics), superpositions of particle and an- 
tiparticle solutions of the Dirac equation. This sug- 
gests, as already pointed out in ref. [7], the BZ model 
to be indeed equivalent in the CM frame to Dirac's 
theory; 
(ii) that there exist also solutions of the DH equation 
that correspond at the classical l imit to a helical path 
with the light speed c, in which case the velocity op- 
erator [16] (as expected in ref. [5]) can actually be 
identified with u = e0 - e2. 
2. Spin and electron structure 
Let us start by recalling that - as shown by us in 
ref. [7 ] - the dynamical behaviour of a spinning point- 
like particle, that follows a world-line a = a (r) ,  must 
be individuated - besides by the canonical variables 
(x ~, pu ) - also by the Frenet tetrad [ 7,17 ] 
eu RT~R ~ , ~ E tr+ (1) = = Auy. A u , 
~1 Not everybody may like the appearance ofsuch a super- 
position. It should be clearly noticed, however, that in 
a generic frame our "helical" wave-functions have to be 
expressed as superpositions of positive and negative fre- 
quency solutions (of the Dirac equation) only whcn we 
want to regard themselves - as done in this paper - as 
solutions of the Dirac equation (17). On the contrary, 
when we regard those "helical" wave-functions a solu- 
tions of our new, non-linear, Dirac-like equation (6'), 
no superposition f that kind is needed: cf. ref. [7]; this 
can be considered a further point in favour of eq. (6 ~). 
where e0 is parallel to the panicle velocity v (even 
more, e0 = v when we can use as parameter T the par- 
ticle proper-time). In eq. ( 1 ), the tilde denotesthe re- 
version operation in the STA; namely: AB = BA,  and 
A = A ifA is a scalar or a vector, while ff = -F  when 
F is a 2-vector. Quantity R = R(z)  is a "Lorentz 
rotation" [18] (more precisely, R E Sp in+( l ,3 )  
SL(2,C), and a Lorentz transform of quantity a is 
given by a' --- RaR) .  Moreover RR = _RR = 1. 
The Clifford STA fundamental unit-vectors 7u, inci- 
dentally, should not be confused with the Dirac ma- 
trices 7u. Let us also recall that, while the orthonor- 
mal vectors 7u -- O/Ox u constitute a global tetrad in 
Minkowski space-time (associated with a given iner- 
tial observer), on the contrary the Frenet tetrad eu is 
defined only along a, in such a way that e0 is tangent 
to a. At last, it is: yu = r/uvyv, and 75 = 7071~2~3 is 
the volume element of the STA. 
If 7b E C 4 is an ordinary Dirac spinor, in the STA 
it will be represented by 
(2) 
where ~, c R + is called a Dirac-Hestenes spinor 1,3 
[8,14] and e is an appropriate primitive idempotent 
of RL3. It is noticeable that the spinor field ~' car- 
ries all the essential information contained in ~ (and 
~D, and - when it is nonsingular, g/~ # 0 - it ad- 
mits [8,9] a remarkable canonical decomposition i
terms of a Lorentz rotation R, a duality transforma- 
tion [19] e pzS/2, and a dilation v/~: 
ql = p°/2)e~r5/2R. (3) 
In eq. (3), the normalization factor p belongs to R+; 
quantity fl is the Takabayasi angle [20]; and e ~y5 = 
+ 1 for the electron (and -1  for the positron). Then, 
the Frenet tetrad can also be written 
peu = ~Tu~- (4) 
Now, let us take as the lagrangian for a classical spin- 
ning particle, interacting with the electromagnetic po- 
tential A (a l-vector) the expression [7] 
/~ = (~//~172 + P ( ) f -  ~70~) + eA~70~7}o, (5) 
which is the translation [7] of the BZ lagrangian [2] 
into the Clifford bundle formalism [cf. also ref. [21 ] ]. 
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In eq. (5), ( )0 means "the scalar part" of the Clifford 
product; the dot represents he derivation with respect 
to the invariant ime-parameter z; and p can be re- 
garded as a Lagrange multiplier. Let us note, more- 
over, that the BZ model is also a hamiltonian system, 
as shown in refs. [22,23] by means of Clifford alge- 
bras. Then, the Euler-Lagrange equations yield a sys- 
tem of three independent equations: 
~7172 + ~zq/70 = 0, (6) 
= v/70~, (7) 
ir = eF . .~ ,  (8) 
where n -- p - eA is the kinetic momentum; F = 0 AA 
is the electromagnetic f eld (a bivector, in Hestenes' 
language); 0 = 7uOu is the Dirac operator; and sym- 
bols • and A denote the internal and external prod- 
uct, respectively, in the STA. The system (6) - (8 )  is 
just that which appeared in ref. [2], but written [7] 
in terms of the STA language. 
Let us pass to the free case, A = 0, for which one 
gets 
~//~1)~2 + P~//)~0 = 0,  (9) 
which clearly shows the presence of an internal heli- 
cal motion (i.e., at the classical level, of the zbw phe- 
nomenon). 
In eq. (14) we have H = v -p  =constant. If the 
constant is chosen to be m, 
l t  = p .v  = m,  (15) 
and - more important - if now ~(x)  is a DH spinor 
f ie ld such that its restriction to the world-line a yields 
~( r ) ,  namely Vio(x) = ~u(r), then eq. (13) writes 
~u(x) = cos(p,  x )  ~'(0) + sin(p .x )  7o ~(0)  Y07W2, 
( lY )  
which now is a quantum wave-function, solution, as 
we are going to see, of the Dirac equation! In fact, it is: 
dq/ _ vUOu ~ = (v .0 )  qJ, (16) 
0-  dr 
and, for any eigen-spinors q /o f /~ ,  - 0~' 71~'2 = P~', 
one gets [7] by using the equalities (v -0)~7172 = 
(v ./~)¢u = (v .p )~ = m~, that eq. (9) transforms 
into the ordinary Dirac equation in its Dirac-Hestenes 
form [5-8]:  
= (10) 0~ylY2 + m~uy0 = 0. (17) 
,3=0.  (11) 
If we choose the 7u frame in such a way that 
P = mTo, (12) 
is a constant vector in the 7o direction, with p2 = m 2, 
then for the system (9)-(11 ) we find the solution 
~(r )  = cos(mr)  ~'(0) + s in(mr)  70~'(0) 7o7W2, 
(13) 
where q/(0) is a constant spinor, which translates into 
the Clifford language the solution [2] found by BZ 
for their analogous ystem of equations. In the case 
of solution (13), it holds: 
p/-/ 
v(r) -~( r )  = -~- + v(O) - ~ cos(2mr) 
+-~-m~)(O) s in(2mr)  , (14) 
Notice once more that, while eq. (9) refers to ~ = 
q/(r), on the contrary, the quantum equation (17) 
refers to the spinor field ~u = q/(x) [such that 
~la(x) = ~0'(r)]. Then, eq. (13') is an actual solu- 
tion ofeq. (17); while eq. (13) - if you want - can be 
said to be a solution ofeq.  (17) when this equation 
is restricted along the stream-line tr ( i .e.,  the world- 
line of the "sub-microscopic" object Q). When mov- 
ing from the classical to the quantum interpretation, 
bearing in mind the Feynman paths formalism, one 
has to pass from considering a single helical path to 
consider a congruence of helical paths*2. 
Let us go back, for a moment, to the system (6) -  
(9). We may notice that - using eq. (16) - the (total 
*2 Such a congruence of helical paths can be regarded as 
constituting a quantum "fluid"; in such a fluid, how- 
ever, we would have a flux of energy-momentum and 
angular momentum also along the normal to the velocity 
stream-lines. Therefore, this fluid would be a Weyssen- 
hoff fluid [24], rather than a "Dirac fluid" [23]. 
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derivative) equation (6) can be rewritten [7] in the 
(partial derivative) noticeable form 
(gtTOl"Y) ' OglY,72 -I- :R~70 = 0, 
which is a non-linear, Dirac-like equation. 
(6') 
Since 
~(o)  ~(0)  = p+ -p_  (22) 
we can put, for simplicity, p+ - p_ = 1. In this case, 
~,÷(0) = v/-f~ and ~_(0)  = v/'ffL--717o. Then, by 
using eq. (14), from eq. (21) it follows that 
3. Time-like helical motions 
Let us prove, now, that solution ~(x)  ofeq. (17), 
which reduces to the ~u(T) given by eq. (13) on the 
world-line tr of the point-like constituent Q, is in- 
deed a superposition #l of positive and negative n- 
ergy states, i.e., of particle and antiparticle states (for 
a purely kinematical reinterpretation f  the negative 
energy states in terms of antiparticles, without any re- 
course to a "Dirac sea", cf. ref. [15] ). Indeed, ~(z )  
can be written in the CM frame as 
V(T) = ½[~U(0)+ 7o~'(0)y0] exp(71Y2mz) 
+ ½ [~u(0) - 70~'(0)y0] exp(-ylY2mz).  
But quantities 
(18) 
½[~'+70~'70] - A+(~,) (19) 
are nothing but the positive and negative nergy pro- 
jection operators [14] A+, A_ E End(Rl,3), respec- 
tively; so that eq. (18) can read 
~(z) = V/+ (0) exp(yly2mz) 
+ ~-(0)  exp(-T lyzmz),  (20) 
where ~u± (0) = A+ [~u(0)], which proves our claim. 
It follows that any ~u(x), such that ~ l , (x )  = ~u(r), is 
a solution of the DH equation (17) in the CM frame. 
It is clear that one can now construct "helical" so- 
lutions of the DH equation with time-like velocity, 
that manifest a zbw phenomenon. Quantity z, let us 
repeat, is here an invariant ime-parameter. Now, to 
construct a time-like solution, let us take as a concrete 
example: 
v(0)  = (p+ +p_)70  + 2 Pv/-~-P -y t ,  
~(0)  = 4m v/-~ p_ 71, (23) 
H=m(p+ +p_) ,  
and we end up with 
(24) 
v(z)  = (p+ + P-)7o + 2 Pv/-fi-~ff -S-[71 cos(2mz) 
+ 72 s in (2mz) ] ,  (25) 
for which it is v 2 (z) = 1 (so that we got a special time- 
like case). For the spin bivector S = (h/2)~y271~ 
and the spin vector s = (h/2)~'y3~, we have in this 
case 
S = ½ (p+ + p- )727, + ~ [7071 sin(2mz) 
- 7o72 cos(2mr)  ], (26) 
s = ½Y3, [h = 11. (27) 
The velocity v(r)  =- dx/dv, with x (z )  = xU(r)yu, is 
easily integrated, from eq. (25), to give 
x (z )  = (p+ + p - ) ryo  + v /~P- -  [Tls in(2mz) 
m 
- y2cos(2mz)] + x0, (28) 
which is the parametric equation of a helix, whose 
diameter is D = 2m pv / -~- .  Eq. (24) suggests to 
introduce a renormalized mass M - m (p+ + p -  ). If  
one assumed the maximum diameter of that helix to 
be the electron Compton wave-length, one would get 
for the new mass M the upper l imit M = mv~.  
It is worth observing that, from eq. (28), for L - 
x A p we have 
~u(0) - ~ + v~-  ylzO, v~ - x / -~(o)  • 
(21) 
L = p~+p-  [TRY0 sin(2mz) - Y2y0cos(2mz)], 
(29) 
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where we neglected the constant contribution mx0A70. 
Notice that L # 0, so that L alone is not conserved; 
however, in view ofeq. (26), we obtain that the total 
angular momentum J is conserved: 
J - L + S = ½ (p+ + p_ ) ~271 , J = O, (30) 
which implies a nutation of the spin plane. Under the 
above assumption (that the maximum helix diameter 
be the electron Compton wave-length), one would get 
I J I -  [ j .y ]~/2 ~ v~/2.  
4. Light-like helical motions 
Finally, let us show how one can obtain solutions of 
the BZ model with speed of the helical motion equal 
to the light speed c. To this aim, it is enough to choose 
p+ = p_ = 1/2, so that p+ - p_ = 0. [In this case, 
~(0) = (1 + ~'170)/v~ is a singular spinor, actually 
a Majorana spinor since the charge conjugation oper- 
ator C is such [14] that C~, = ~71)'0 ]. 
In fact, from eq. (14) one then gets 
V(0) = ~0 "~ 71, '/')(0) = 2my~,  (31) 
n~m~ 
which yield for the velocity ~:: 
(32) 
v(z)  = ~0 + 71 cos(2mz) + ~2 s in(2mr),  (33) 
in which now v2(r) = 0 (light-like case). One can 
see that, after a convenient rotation, it is possible to 
write v as v = e0 -e2,  like in Hestenes' papers [5,6]. 
Moreover, we now have 
and one can verify that in this case the helix diameter 
is actually the Compton wave-length of the electron! 
For L = x/x p we obtain again 
L = ½ [717osin(2mz) - 727oCOs(2mz)], 
L#o, 
whilst the conserved quantity is 
(37) 
J=L+S= ½~271, J =0 ,  (38) 
which again implies a nutation of the spin plane. 
In conclusion, we showed how to construct in the 
CM frame solutions of the Dirac equation associ- 
ated (at the classical imit) to a helical motion with 
the light speed c. And, in particular, we got re- 
suits quite similar to Hestenes' without his ad-hoc 
assumptions [5] [by making recourse, however, to 
a superposition **~of particle and antiparticle [15 ] 
solutions of the DH equation. Indeed, the part of 
the velocity v(z) responsible for the zbw, namely 
[71 cos(2mz) + ~2sin(2mz)], is given by 
an interference term ~t+~0~_ + ~t_70~+, in which 
quantities ~,+ = x/-p-~exp(~,172mz) and ~u_ = 
x/P -S- 7170 exp ( - 7~ y2mz) are the positive-energy (par- 
ticle) and negative-energy (antiparticle [ 15 ] ) states]. 
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S = ½7271 + ½ [~'0Yl s in (2mz) -  70~2cos(2mr)], 
(34) 
s = ½73, [h = 11. (35) 
Integration of eq. (33), now, yields 
1 
x(z)  = Zyo+ ~ [ylsin(2mz)-y2cos(2rnz)] + Xo, 
(36) 
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